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Relativistic Quantum Thermodynamics of Moving Systems
Nikolaos Papadatos∗ and Charis Anastopoulos†
Department of Physics, University of Patras, 26500 Greece
We analyse the thermodynamics of a quantum system in a trajectory of constant
velocity that interacts with a static thermal bath. The latter is modeled by a mass-
less scalar field in a thermal state. We consider two different couplings of the moving
system to the heat bath, a coupling of the Unruh-DeWitt type and a coupling that
involves the time derivative of the field. We derive the master equation for the re-
duced dynamics of the moving quantum system. It has the same form with the
quantum optical master equation, but with different coefficients that depend on ve-
locity. This master equation has a unique asymptotic state for each type of coupling,
and it is characterized by a well-defined notion of heat-flow. Our analysis of the sec-
ond law of thermodynamics leads to a surprising equivalence: a moving heat bath is
physically equivalent to a mixture of heat baths at rest, each with a different temper-
ature. There is no unique rule for the Lorentz transformation of temperature. We
propose that Lorentz transformations of thermodynamic states are well defined in
an extended thermodynamic space that is obtained as a convex hull of the standard
thermodynamic space.
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2I. INTRODUCTION
A. Motivation
In this paper, we analyse the thermodynamics of a quantum system in a trajectory of
constant velocity that interact with a static thermal bath. This system turns out to have
a well-defined notion of heat flow. More importantly, it manifests an intriguing property.
The heat bath, in motion in the reference frame of the quantum system, is equivalent to a
continuum of heat baths at rest with respect to the moving system, each with a different
temperature.
This paper is partly motivated by the long-standing puzzle of the relativistic transforma-
tions of temperature. This puzzle originates from the early days of special relativity. Von
Mosengeil [1], Planck [2] and Einstein [3] analyzed Lorentz transformations for a body of
temperature T in its rest frame. They proposed that the temperature T ′ for an observer
that moves at velocity v with respect to the body is T ′ = T
√
1− v2 < T . This view
was accepted for more than 50 years, until it was challenged by Ott [4]. The argued that
T ′ = T/
√
1− v2 > T . Arzelis agreed with Ott’s formula, but proposed a different law of
transformation for the internal energy [5]. A few years later, Landsberg proposed that the
temperature is a Lorentz scalar, i.e., T ′ = T [6]. Cavalleri and Salgarelli agreed that the
temperature is a scalar, but they asserted that the Clausius formula dQ = TdS holds only
in a system’s rest frame [7]. In their perspective, the familiar rules of thermodynamics are
valid only in the rest frame.
The debate about the correct transformation rules for thermodynamic variables has been
raging ever since the 1960s, and still there is no consensus—for reviews see, Ref. [8]. Part of
the problem is the lack of concrete operational ways of measuring thermodynamic quantities
in moving systems. In 1995, Costa and Matsas [9] proposed a non-thermodynamic type of
measurement: an Unruh-DeWitt (UdW) detector moving with velocity v and interacting
with a thermal scalar field. An UdW detector [10, 11] is a quantum system that moves along
a classical trajectory, and interacts with a quantum field through a dipole coupling. The
UdW model and its generalizations originate from studies of particle creation in black holes
and in accelerated reference frames.
The expression derived in Ref. [9] for the detection rate of an UdW detector can not
be brought into the characteristic Planckian form of black-body radiation. Landsberg and
Matsas took this as an indication that a universal and continuous Lorentz transformation
of temperature is impossible [12]—see, also [13] for a critique.
However, a particle detector is not a thermometer. The expression for the detection rate
that was employed in Ref. [9] follows from time-dependent perturbation theory, and it is
valid at times much smaller than the relaxation time of the detector. It describes a system
that has not come into equilibrium with the field bath. In contrast, ordinary thermometers
give reliable records only after they have established equilibrium with the larger system.
The ambiguous use of the word ‘detector’ is often a source of confusion. If a detector is
literally viewed as a measuring apparatus that records particles—and leaves a macroscopic
measurement record— then the perturbative expression for the detection rate suffices [14].
However, the UdW Hamiltonian can also be used to describe a small microscopic system that
interacts with a quantum field, for example, an atom or a molecule. Rather misleadingly,
these systems are also referred to as detectors, even if they leave no measurement records.
The latter type of systems must be described by the theory of open quantum systems [15,
316], which takes into account dissipation, noise and backreaction effects. In open quantum
systems, time evolution is described by a master equation, which enables a thermodynamic
analysis [17]. For accelerated UdW detectors and the implications to the Unruh effect in
this context, see, [18–20].
We will use the theory of open quantum systems in order to analyze the dynamics of mov-
ing thermometers, and more generally, the interaction of moving quantum thermodynamic
systems with thermal reservoirs.
B. Analysis and results
Our model consists of a small quantum system (denoted by S). We will refer to S as a
quantum probe. The center of momentum (CoM) of S moves at a constant velocity with
respect to a reference frame Σ The Hamiltonian of S internal degrees of freedom i.e., degrees
of freedom that are not related to motion of the CoM. The probe interacts with a massless
scalar field φˆ(x) at a thermal state of temperature T with respect to Σ.
We consider two different couplings of the small system to the field bath. First, the
standard UdW coupling, where S couples to the field operator φˆ(x), and second, a coupling of
S to the time derivative of φˆ(x). The latter coupling provides a more accurate representation
of the dipole interaction of atoms to the electromagnetic field.
Then, we construct the second-order master equation that describes the reduced dynamics
of the system S. Past analyses of the open system dynamics of moving UdW detectors have
shown that non-Markovian effects may be important [19–22], but their contribution is small
at long times. Hence, the Markovian approximation inherent in the second-order master
equation suffices for describing the approach to equilibrium.
Our results are the following.
(i) The system S evolves according to the quantum-optical master equation. The only
difference is that the coefficients of the master equation that represent to the mean
number of bath quanta do not have the usual Planckian form.
(ii) There exists unique asymptotic states for many choices of self-dynamics for S. The
asymptotic states do not depend on the initial state of the system or on the strength
of the system-field interaction (i.e., the dissipation rate). Still, they are not universal:
each type of coupling leads to a different asymptotic state.
(iii) The average energy in the rest frame of S defines an empirical temperature for the
bath.
(iv) There is a well-defined notion of ”hotness”, i.e., we can say when the moving probe is
hotter or colder than the bath, as reflected in the direction of the heat flow.
(v) The second law of thermodynamics is satisfied, i.e., entropy production is positive.
(vi) The moving heat bath is equivalent to a continuum of heat baths in the rest frame of
S, with temperatures T ′ in the range
T
1− |v|
1 + |v| ≤ T
′ ≤ T 1 + |v|
1− |v| . (1)
4The contribution of each heat bath at temperature T ′ to entropy production is weighted
by a probability distribution that depends on the type of coupling.
Evidently, there is no Lorentz transformation for temperature. A static observer cannot
assign a unique absolute temperature to a moving heat bath. Nonetheless, the moving
heat bath still behaves like a thermodynamic system, albeit with significant differences from
ordinary thermodynamics. First, we cannot assign a unique absolute temperature to the
bath, even if the empirical temperatures are well defined. Second, asymptotic states for a
given temperature and velocity are not universal.
A spacetime-covariant thermodynamic description likely requires additional physical ob-
servables, in order to define an extended thermodynamic state space. We propose that the
extended state space contains convex combination of ordinary thermodynamic states, for ex-
ample, convex combinations
∑
i ciρˆβi of Gibbs states ρˆβi at different temperatures βi. This
idea appears natural in the context of our results. However, further analysis is required, in
order to test this proposal and in order to formulate a consistent relativistic thermodynamics
for quantum systems.
The structure of this paper is the following. In Sec. 2, we derive the master equation for
a moving quantum system that interacts with a massless scalar field in a thermal state. In
Sec. 3, we identify the asymptotic states for simple choices of the Hamiltonian. In Sec. 4, we
undertake a thermodynamic analysis of the master equation with an emphasis on the three
laws of thermodynamics. In Sec. 4, we propose a rule for the relativistic transformation of
thermodynamic states, and we construct the associated state space. In the final section, we
discuss future directions.
II. MASTER EQUATION FOR A MOVING QUANTUM SYSTEM THAT
INTERACTS WITH A THERMAL BATH
A. The model
We consider a composite quantum system that consists of a microscopic probe S and a
quantum scalar field. The system is described by a Hilbert space HS ⊗Hφ, where HS is the
Hilbert space of the probe and Hφ is the Hilbert space of the field.
The Hamiltonian is
Hˆ = hˆ⊗ Iˆ + Iˆ ⊗ Hˆφ + Vˆ (2)
where hˆ is the Hamiltonian that generates time translations with respect to the proper time
parameter τ of S.
The Hamiltonian Hˆφ describes a free massless scalar field,
Hˆφ =
1
2
∫
d3x
(
pˆi2 + (∇φˆ)2
)
(3)
where pˆi(x) is the conjugate momentum of the field φˆ(x). The Heisenberg picture fields are
defined as φˆ(X) := eiHˆφtφˆ(x)e−iHˆφt, where x = (t,x).
The interaction term is of the general form,
Vˆ = λAˆ⊗ Oˆ(x(τ)), (4)
5where λ is a coupling constant, Aˆ is a self-adjoint operator on HS and x(τ) is the path of the
detector; Oˆ(x) is a local composite operator for the scalar field. In the interaction picture,
Vˆ involves the field operator Oˆ(x(τ)). In this paper, we focus on trajectories
x(τ) = (coshu, sinhu, 0, 0) τ, (5)
where u is the rapidity of the trajectory, with associated velocity v = tanhu.
We assume a factorized initial state ρˆ0⊗ ρˆφ. We consider a stationary, space-translation-
invariant, and rotation-invariant state for the quantum field, eventually to be identified with
a Gibbs state at temperature β−1,
ρˆφ =
e−βHˆφ
Tre−βHˆφ
(6)
The master equation for the probe depends on the Wightman function [23]
G(x) := Tr
[
Oˆ(x)Oˆ(0)ρˆφ
]
. (7)
In this paper, we will consider rotation-invariant coupling operators Oˆ(x). In particular,
we will analyze two cases:
• Oˆ(x) = φˆ(x). This is the usual Unruh-deWitt (UdW) coupling;
• Oˆ(x) = ˙ˆφ(x). This time-derivative (TD) coupling best simulates the electromagnetic
dipole interaction1.
The Wightman function (7) for the UdW coupling takes the form
GUdW (x) = G0(x) +
1
4pi2r
∫ ∞
0
dknk [sin[k(t+ r)]− sin[k(t− r)]] , (8)
where r = |x|,
G0(x) = − lim
→0+
1
4pi2 [(t− i)2 − r2] , (9)
is the Wightman function of the vacuum, and nk is the expected number of particles of
momentum k. Due to spherical symmetry nk depends only on k = |k|. For a Gibbsian field
state, nk = (e
βk − 1)−1.
The Wightman function (7) for the TD coupling is
GTD(x) = − ∂
2
∂t2
GUdW (x). (10)
1 The electromagnetic dipole coupling is of the form d ·E , where d is the dipole moment, and E = A˙ is the
electric field. If we assume that the direction of the dipole moment fluctuates homogeneously, then the
Wightman function for the EM field coincides with that of the scalar field with TD coupling, modulo a
multiplicative factor.
6In the open quantum systems description, the effect of the environment is contained in
the bath two-time correlation function. In the present context, the bath correlation function
coincides with the Wightman function G[x(τ)−x(τ ′)] evaluated at a pair of points x(τ) and
x(τ ′) along the trajectory of the probe. For paths given by Eq. (5), the bath correlation
function is static, i.e., G[x(τ)− x(τ ′)] is a function g(τ − τ ′) only of the difference τ − τ ′.
For the UdW coupling,
gUdW (τ) = − lim
→0+
1
4pi2(τ − i)2 +
1
4pi2|τ | sinhu
∫ ∞
0
dknk
[
sin(eukτ)− sin(e−ukτ)] . (11)
For the TD coupling,
gTD(τ) = lim
→0+
1 + 2 cosh(2u)
2pi2(τ − i)4 +
1
4pi2|τ | sinhu
∫ ∞
0
dkk2nk
[
sin(eukτ)− sin(e−ukτ)] . (12)
B. The master equation
Given the Hamiltonian (2) and the factorized initial states, the reduced dynamics of the
probe is expressed in terms of the second order master equation. The master equation can
be derived in different ways. One way involves the van Hove limit, i.e., the limit λ → 0
with λ2t fixed [15]. A different approach involves the successive use of the Born, Markov
and Rotating Wave Approximations (RWA) [16].
To proceed, we define the transition operators
Aˆω =
∑
n,m,m−n=ω
〈n|Aˆ|m〉|n〉〈m|, (13)
indexed by the set of all possible energy differences ω = m − n.
By construction, transition operators satisfy the identities∑
ω
Aˆω = Aˆ, Aˆ−ω = Aˆ†ω, (14)
and the commutation relations [
hˆ, Aˆω
]
= −ωAˆω, (15)[
hˆ, Aˆ†ω
]
= ωAˆω, (16)[
hˆ, Aˆ†ωAˆω
]
=
[
hˆ, AˆωAˆ
†
ω
]
= 0. (17)
The second-order master equation for the reduced density matrix ρˆ of the probe is
∂ρˆ
∂τ
= −i[hˆ, ρˆ] + λ2
∑
ω
g˜(ω)
(
AˆωρˆAˆ
†
ω − Aˆ†ωAˆωρˆ
)
+
+λ2
∑
ω
g˜∗(ω)
(
Aˆ†ωρˆAˆω − ρˆAˆ†ωAˆω
)
, (18)
7where
g˜(ω) =
∫ ∞
0
dτeiωτg(τ). (19)
We split g˜(ω) into its real and imaginary part while absorbing the constant λ2: λ2g˜(ω) =
1
2
Γ(ω) + i∆(ω), where
Γ(ω) = λ2[g˜(ω) + g˜∗(ω)] = 2λ2
∫ ∞
0
dτ cos(ωτ)g(τ), (20)
∆(ω) =
λ2
2i
[g˜(ω)− g˜∗(ω)] = λ2
∫ ∞
0
dτ sin(ωτ)g(τ). (21)
Then, the master equation becomes
∂ρˆ
∂τ
= −i[hˆ+ hˆLS, ρˆ] +
∑
ω
Γ(ω)
[
AˆωρˆAˆ
†
ω −
1
2
Aˆ†ωAˆωρˆ−
1
2
ρˆAˆ†ωAˆω
]
, (22)
where
hˆLS :=
∑
ω
∆(ω)Aˆ†ωAˆω, (23)
is a correction to the Hamiltonian, that implements a Lamb-shift of the energy levels.
Eqs. (11) and (12) imply that Γ(ω) is of the form
Γ(ω) = γ(|ω|)
{
1 +N(ω), ω > 0
N(|ω|), ω < 0 , (24)
where the explicit form of γ(ω) and N(ω) will be given in Sec. 2.C.
The master equation becomes
∂ρˆ
∂τ
= −i[hˆ+ hˆLS, ρˆ] +
∑
ω>0
γ(ω)[N(ω) + 1]
[
AˆωρˆAˆ
†
ω −
1
2
Aˆ†ωAˆωρˆ−
1
2
ρˆAˆ†ωAˆω
]
+
∑
ω>0
γ(ω)N(ω)
[
Aˆ†ωρˆAˆω −
1
2
AˆωAˆ
†
ωρˆ−
1
2
ρˆAˆωAˆ
†
ω
]
. (25)
Eq. (25) is of the same form with the quantum optical master equation [16]. The
only difference is that the expected number of quanta N(ω) is not given by the Planck
distribution.
C. The coefficients in the master equation
UdW coupling: The coefficients γ(ω) and N(ω) are defined for positive ω as
γUdW (ω) =
λ2
2pi
ω (26)
NUdW (ω) =
1
2ω sinhu
∫ ωeu
ωe−u
nkdk. (27)
8In deriving Eq. (27), we used the identity∫ ∞
0
dτ cos(ωτ) sin(aτ)τ−1 =
pi
4
[sgn(a− ω) + sgn(a+ ω)] . (28)
For an initial thermal state of the field, Eq. (27) yields
NUdW (ω) =
1
2βω sinhu
log
1− e−βωeu
1− e−βωe−u . (29)
The function NUdW (ω) has the following asymptotic behavior.
1. Low-velocity regime, |u| << 1: NUdW (ω) = nω + 12ωn′ωu2 + . . ..
2. High-velocity regime, |u| >> 1: NUdW (ω) = 1βωe−|u|[|u| − log(βω)].
3. Low-temperature regime, βωe−|u| >> 1: NUdW (ω) = e
−βωe−|u|
2βω sinh |u| .
4. High-temperature regime, βωe|u| << 1: NUdW (ω) = 1βω
u
sinhu
.
In comparison, the Planck distribution nω behaves as e
−βω for βω >> 1 and as 1
βω
for
βω << 1. It follows that
• NUdW (ω) < nω, as βω → 0,
• NUdW (ω) > nω, as βω →∞.
The contribution to the Lamb shift is
∆UdW (ω) = sgn(ω)
[
∆0 +
λ2
8pi2 sinhu
∫ ∞
0
dknk log
∣∣∣∣(ω + ke−u)(ω − keu)(ω − ke−u)(ω + keu)
∣∣∣∣] , (30)
where the integral ∆0 = − λ24pi2
∫∞
0
dτ sin(|ω|τ)/τ 2 diverges at τ = 0. We regularize by
introducing a cut-off  in the lower range of integration. Then,
∆0 =
λ2|ω|
4pi2
log(eγ−1|ω|), (31)
where here γ stands for the Euler-Macheronni constant.
TD coupling: The coefficients γ(ω) and N(ω) are defined for positive ω as
γTD(ω) =
λ2[1 + 2 cosh(2u)]
6pi
ω3 (32)
NTD(ω) =
3
2ω3 sinhu[1 + 2 cosh(2u)]
∫ ωeu
ωe−u
nkk
2dk. (33)
For an initial thermal state of the field, Eq. (27) yields
NTD(ω) =
3
2β3ω3 sinhu[1 + 2 cosh(2u)]
[F (βωe−u)− F (βωeu)], (34)
9where the function
F (x) = 2g3(e
−x) + 2xg2(e−x) + x2g1(e−x) (35)
is expressed in terms of the polylogarithm functions g`(x) =
∑
n=1
xn
n`
. Note that g1(x) =
− log(1− x), and that g`(1) = ζ(`), where ζ is Riemann’s zeta function.
The function NTD(ω) has the following asymptotic behavior.
1. Low-velocity regime, |u| << 1: NTD(ω) = nω +
(
1
2
ωn′ω +
2
3
nω
)
u2 + . . ..
2. High-velocity regime, |u| >> 1: NTD(ω) = 6ζ(3)β3ω3 e−3|u|.
3. High-frequency regime, βωe−|u| >> 1: NTD(ω) = 3e
−βωe−|u|
2βω sinh |u|[1+cosh(2u)] .
4. Low-frequency regime, βωe|u| << 1: NTD(ω) = 1βω
3 coshu
1+2 cosh(2u)
.
For small u, NTD(ω) is practically indistinguishable from NUdW (ω). For large u, NTD(ω)
is significantly smaller than NUdW (ω). This behavior is demonstrated graphically in Fig.1.
The contribution to the Lamb shift is
∆TD(ω) = sgn(ω)
[
∆˜0 +
λ2
8pi2 sinhu
∫ ∞
0
dkk2nk log
∣∣∣∣(ω + ke−u)(ω − keu)(ω − ke−u)(ω + keu)
∣∣∣∣] , (36)
where the integral
∆˜0 =
λ2[1 + 2 cosh(2u)]
2pi2
∫ ∞
0
dτ sin(|ω|τ)/τ 4 (37)
diverges at τ = 0. We regularize by introducing a cut-off  in the lower range of integration.
As → 0,
∆˜0 =
λ2[1 + 2 cosh(2u)]|ω|3
12pi2
[
3
(ω)2
+ log(|ω|eγ−1)
]
. (38)
FIG. 1: (i) NUdW as a function of βω for different values of u. (ii)NTD as a function of βω for
different values of u. (iii) NUdW vs NTD as a function of βω, for u = 0.4. (iv) NUdW vs NTD as a
function of βω, for u = 0.9.
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III. ASYMPTOTIC STATES
A. Two level atom
We consider the special case of a two-level atom of frequency Ω0. The Hamiltonian is
hˆ = 1
2
Ω0σz, and the coupling operator Aˆ = σˆ1. Then, there are only two transition operators:
AˆΩ0 corresponds to σˆ− and Aˆ−Ω0 corresponds to σˆ+. The master equation takes the form
∂ρˆ
∂τ
= −iΩ[σˆ3, ρˆ] + Γ0[N(Ω0) + 1]
(
σˆ−ρˆσˆ+ − 1
2
σˆ+σˆ−ρˆ− 1
2
ρˆσˆ+σˆ−
)
+Γ0N(Ω0)
(
σˆ+ρˆσˆ− − 1
2
σˆ−σˆ+ρˆ− 1
2
ρˆσˆ−σˆ+
)
, (39)
where Γ0 := γ(Ω0) is the decay coefficient for the atom in vacuum and Ω = Ω0 + 2∆(Ω0) is
the Lamb-shifted excitation frequency.
For a general initial pure state |ψ0〉 = eiφ cos θ2 |1〉 + sin θ2 |0〉, the solution to the master
equation is
ρ(τ) =
1
2
(
1 + e−Γ0(2N+1)τ cos θ − 1−e−Γ0(2N+1)τ
2N+1
e−
Γ0
2
(2N+1)τ−iΩτ+iφ sin θ
e−
Γ0
2
(2N+1)τ+iΩτ−iφ sin θ 1− e−Γ0(2N+1)τ cos θ + 1−e−Γ0(2N+1)τ
2N+1
)
(40)
where N = N(Ω0).
For an atom in the ground state (θ = pi), and for Γ0τ << 1, ρˆ11(t) = Γ0Nτ , i.e., the
excitation rate is equal to Γ0N(Ω0). This reproduces the result of Ref. [9] for the UdW
coupling.
There is a unique asymptotic state
ρ(τ) =
1
2N(Ω0) + 1
(
N(Ω0) 0
0 N(Ω0) + 1
)
. (41)
The expectation value of energy is
〈hˆ〉 = − Ω0
2[2N(Ω0) + 1]
. (42)
The asymptotic state is not universal: it depends on N(Ω), which depends on the type
of coupling.
B. Harmonic oscillator
For an harmonic oscillator of mass m and frequency Ω0, the Hamiltonian is hˆ = Ω0aˆ
†aˆ,
and the coupling operator is xˆ = 1√
2mΩ0
(aˆ + aˆ†). There are only two transition operators
AˆΩ0 =
1√
2mΩ0
aˆ and Aˆ−Ω0 =
1√
2mΩ0
aˆ†.
11
The master equation is
d
dτ
ρˆ(τ) = −iΩ0[aˆ†aˆ, ρˆ] + Γ0
(
N(Ω0) + 1
)(
aˆρˆaˆ† − 1
2
aˆ†aˆρˆ− 1
2
ρˆaˆ†aˆ
)
+
+ Γ0N(Ω0)
(
aˆ†ρˆaˆ− 1
2
aˆaˆ†ρˆ− 1
2
ρˆaˆaˆ†
)
,
where Γ0 =
γ(Ω0)
2mω0
.
There is a unique asymptotic state with matrix elements in the energy basis
ρnn′ =
1
N(Ω0) + 1
(
N(Ω0)
N(Ω0) + 1
)n
δnn′ , (43)
with mean energy
〈hˆ〉 = Ω0N(Ω0). (44)
Again, the asymptotic state depends only on N(Ω0). It is unique for a given coupling,
but it differs for different couplings.
C. Three Level Atom
The last case considered here is that of a three-level atom with energy levels |a〉, |b〉, |c〉
and associated energies Ea < Eb < Ec. For a dipole coupling with the EM field, one of the
coupling constants for the three possible transitions must be zero. We consider the case that
the transitions a ↔ b is forbidden. We denote the transition a ↔ c as 1 with associated
frequency Ω1 = Ec − Ea and coupling constant λ1, and the transition b ↔ c as 2 with
associated frequency Ω2 = Ec − Eb and coupling constant λ2.
We choose the energy of the ground state Ea = 0, so that the self-Hamiltonian reads
hˆ = (Ω1 − Ω2)|b〉〈b|+ Ω1|c〉〈c|. (45)
The interaction term is
Vˆ =
(
λ1(sˆ1 + sˆ
†
1) + λ2(sˆ2 + sˆ
†
2)
)
⊗ Oˆ(x) (46)
where sˆ1 = |a〉〈c| and sˆ2 = |b〉〈c| are atomic transition operators. They satisfy sˆ21 = sˆ22 = 0.
There are 4 transition operators: AˆΩ1 = λ1sˆ1, Aˆ−Ω1 = λ1sˆ
†
1, AˆΩ2 = λ2sˆ2 and Aˆ−Ω2 = λ2sˆ
†
2.
The master equation is
d
dτ
ρˆ = −i[hˆ, ρˆ] +
2∑
i=1
(
Γi(Ni + 1)
(
sˆiρˆsˆ
†
i −
1
2
sˆ†i sˆiρˆ−
1
2
ρˆsˆ†i sˆi
)
+
+ ΓiNi
(
sˆ†i ρˆsˆi −
1
2
sˆisˆ
†
i ρˆ−
1
2
ρˆsˆisˆ
†
i
))
,
(47)
where Γi = γ(Ωi), Ni = N(Ωi) and
12
hˆ = (Ω1 + ∆1)|c〉〈c|+ (Ω1 − Ω2 + ∆2)|b〉〈b| − (∆1 + ∆2)|a〉〈a| (48)
with ∆i = ∆(Ωi).
The stationary solution at late times is diagonal,
ρaa =
(N1 + 1)N2
3N1N2 +N1 +N2
ρbb =
N1(N2 + 1)
3N1N2 +N1 +N2
ρcc =
N1N2
3N1N2 +N1 +N2
.
As in the previous cases, the stationary solution does not depend on the strength of the
interaction, but it depends on the type of coupling through the parameters Ni.
D. General systems
In general, the existence of unique asymptotic solutions to the master equation (25)
depends on the system Hamiltonian hˆ and on the operators Aˆω. The case of a non-degenerate
Hamiltonian hˆ is particularly important. Let us denote by n the eigenvalues and by |n〉 the
eigenvectors of hˆ, labeled by n = 0, 1, 2, . . . so that n < n′ for n < n
′. Then, the diagonal
elements of the density matric,
pn := 〈n|ρˆ|n〉, (49)
decouple from the off-diagonal ones, and they satisfy Pauli’s master equation
dpn
dt
=
∑
m
(Tnmpm − Tmnpn), (50)
with transition rates
Tnm := γ(|n − m|)|〈m|Aˆ|n〉|2 ×
{
N(|n − m|) + 1, m > n
N(|n − m|) n < m
}
. (51)
Asymptotic states correspond to probability vectors pm that are eigenvectors of Tnm.
The detailed balance condition is that in equilibrium, each independent summand in the
right-hand-side of Eq. (50) vanishes. It implies that,
pn
pm
=
N(|n − m|)
N(|n − m|) + 1 , (52)
for n > m. Detailed balanced holds for all systems if u = 0, and it also holds for the systems
studied in this section. We find it plausible that it holds for a generic non-degenerate
Hamiltonian. A proof would require the application / generalization of existing theorems
about the asymptotic states of dynamical semigroups [24, 25].
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E. Summary
Our analysis of the master equation has revealed the following pattern.
1. There is a unique asymptotic state for each self-Hamiltonian hˆ.
2. The asymptotic state depends only on the function N(ω). It does not depend on the
relaxation time Γ−10 of the system, i.e., on the strength of the system-reservoir coupling.
3. The asymptotic state is not universal. It depends on the channel of interaction between
the system and the thermal environment, i.e., on the composite operator Oˆ(x) that enters
the coupling term (4).
IV. THERMODYNAMIC CHARACTERISTICS
A. The quantum probes as thermometers.
An ensemble of quantum systems interacting with a thermal reservoir is an elementary
thermometer. The average energy of those systems in equilibrium serves as an empirical
temperature for a bath. For example, an ensemble of harmonic oscillators of frequency Ω
interacting with thermal reservoir is characterized by an empirical temperature
θ(T,Ω) =
Ω
eΩ/T − 1 . (53)
The function (53) satisfies the main criterion for an empirical temperature, namely, it is an
increasing function of the absolute temperature T .
The same reasoning applies to moving quantum systems in interaction with a thermal
reservoir. The average energy in the rest frame of the quantum system still serves as an
empirical temperature that also depends on the rapidity u. For a harmonic oscillator of
frequency Ω,
θ(T,Ω, u) = ΩN(Ω). (54)
The function (53) is also an increasing function of T , as can be seen by Eqs. (27) and (29).
Hence, a physical system that can be used as a thermometer when at rest with respect to
a thermal reservoir remains a thermometer when moving. What changes is the explicit rule
that connects the empirical temperature with the absolute temperature T of the heat bath.
B. Heat transfer
The probe S can also be viewed as a thermodynamic system, subject to the three law of
thermodynamics. Consider a Markovian master equation of the form
d
dt
ρˆ = −i[hˆ(t), ρˆ] + L[ρ], (55)
where hˆ(t) is the Hamiltonian of the probe and L is a super-operator of the Lindblad-
Kossakowski (LK) type that generates non-unitary evolution. Eq. (55) leads to a non-
equilibrium formulation of the first law of thermodynamics [17]
d
dt
E = q − P, (56)
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where E = 〈hˆ〉 is the internal energy, P := −Tr(ρˆdhˆ
dt
) is the power provided to the system,
and
q = Tr(L[ρˆ]hˆ) (57)
is the total heat current.
In the present context, dhˆ
dt
= 0, hence, P = 0. All changes in the internal energy are due
to the heat current. For the master equation (25), the heat current is
q =
∑
ω>0
γ(ω)ω
{
N(ω)〈AˆωAˆ†ω〉 − [N(ω) + 1]〈Aˆ†ωAˆω〉
}
(58)
In equilibrium, q = 0. Hence, the equilibrium state satisfies N(ω)〈AˆωAˆ†ω〉 = [N(ω) +
1]〈Aˆ†ωAˆω〉 for all ω.
Let the initial state of the moving system be thermal at temperature T0 in the CoM
frame. We proceed to evaluate the total heat transferred from the reservoir to the system,
∆Q = E(∞)− E(0), (59)
and the heat current (58) as a function of time.
For a qubit,
∆Q =
Ω0
(2n0 + 1)[2N(Ω0) + 1]
[N(Ω0)− n0], (60)
where n0 = (e
Ω0
T0 − 1)−1, and
q =
1
2n0 + 1
Γ0Ω0e
−Γ0[1+2N(Ω0)]τ [N(Ω0)− n0]. (61)
For a harmonic oscillator,
∆Q = Ω0[N(Ω0)− n0], (62)
and
q = Γ0Ω0e
−Γ0τ [N(Ω0)− n0]. (63)
The systems above have a consistent thermodynamical behavior2. If ∆Q > 0, then the
initial state is colder than the final, there is positive heat transfer, and the heat current is
positive at all times. An analogous statement holds for ∆Q < 0.
Heat flows even when T = T0. In Fig. 2, we plot the heat transfer ∆Q in the qubit system
for T = T0, as a function of u. We note that ∆Q < 0 for βω < 1. From the perspective
2 The reader may worry that a single harmonic oscillator or a single qubit is not a thermodynamic system.
However, the same results hold for a collection ofN qubits or harmonic oscillators, with mutual interactions
much weaker that the interaction with the bath, i.e., for a ‘dilute gas’ of qubits or harmonic oscillators,
which is a thermodynamic system for N >> 1.
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of the rest frame of S, a moving heat bath at sufficiently high temperature is always colder
than a stationary one.
FIG. 2: The heat transfer ∆Q for a qubit at temperature T0 = T as a function of u for different
values of βω. The left plot describes a qubit interacting with the field bath through the UdW
coupling and the right one describes a qubit interacting with the field bath through the TD coupling.
In some axiomatic approaches to thermodynamics [26], the notion of ‘hotness’ is intro-
duced as a primitive structure. Hotness is an order relation  on the set Γ of thermodynamic
states: A  B if there is (non-negative) heat flow from A to B when two bodies on states A
and B are brought in contact. The order relation is total, i.e., for any pair of states, either
A  B or B  A. This property enables us to express  in terms of the inequality relation
of real numbers, and hence, to introduce the notion of temperature.
The results of this section strongly suggest that the notion of hotness could also be
meaningful on an extended thermodynamic state space Γ˜ that includes information about
the motion of the system’s CoM. This means that the order relation  can be extended to
Γ˜.
Furthermore, as the sign of heat flow depends only on the sign of the difference N(Ω0)−n0,
our results are compatible with the idea that  is a total order also on Γ˜. However, this
assertion is too strong: it implies a universal notion of temperature that also incorporates
the effects of the CoM motion. We have not found such a candidate for temperature in our
study. Further research is necessary in order to understand the properties of the proposed
notion of hotness.
C. Zero-th law of thermodynamics.
The existence of a unique asymptotic state for each Hamiltonian hˆ is a necessary con-
sequence of the zero-th law of thermodynamics. Any system in contact with a thermal
reservoir of temperature T at rest reaches equilibrium at temperature T .
Two states A and B, are in thermal equilibrium (A ∼ B), if A  B and B  A, i,e., if
there is no heat flow when they are brought into contact.
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Consider two systems in states A and B, in thermal equilibrium with the same reservoir
C. If the systems are removed from the reservoir and they are brought into thermal contact
with each other, there is no heat flow. This manifests the crucial feature of the zero-th law
of thermodynamics, namely: If A ∼ C and B ∼ C, then A ∼ B. This transitivity property
is inherent in the definition of the order relation .
Next, we consider two systems in states A and B that move with the same velocity v with
respect to a thermal reservoir (system C). System A interacts with the reservoir through
the UdW coupling, while system B interacts through the TD coupling. A and B reach the
equilibrium state, and then they are removed from the reservoir. They are at rest with each
other and they are brought into contact.
Systems A and B have different energy, while their self-Hamiltonians are identical, and
the values of other extensive quantities can be taken to be equal. In usual thermodynamics,
the value of energy and the other extensive quantities uniquely define all thermodynamic
potentials, and hence, the notion of thermal equilibrium. This would imply that the systems
A and B are not in thermal equilibrium with each other: they will exchange heat until they
are brought into a new equilibrium state. There is no transitivity for three systems A, B,
and C, if one of them is in motion with respect to the other.
Hence, in order to compare systems that move with respect to each other, we must either
abandon the zero-th law of thermodynamics, or introduce additional variables to describe
thermodynamic states. The zero-th law of thermodynamics is a consequence of the partial
ordering relation  on Γ˜, which is reasonably well justified by our previous analysis. For this
reason, we believe that the zero-th law is preserved and that the thermodynamic description
of moving systems requires the introduction additional variables. Indeed, such variables
emerge from our account of the second law of thermodynamics.
D. Directional averaging and directional temperature
Next, we present an important identity that is satisfied by the function N(ω) and it is
crucial to the thermodynamic interpretation of the master equation (25). To this end, we
first define the notion of directional averaging. Let V be the set of null vectors pµ = (|p|, p),
and f : R → R a function of ω = |p|. Consider a Lorentz boost of rapidity u along a direction
n. In the boosted frame, the energy is ω′ = ω coshu− p ·n sinhu = ω(coshu− s ·n sinhu),
where s = p/ω. We define the directional averaging 〈f(ω)〉u as
〈f(ω)〉u :=
∫
dµ(s)f(ω′), (64)
where dµ(s) is the invariant, normalized measure on the unit sphere. The directional aver-
aging of f does not depend on the direction n of the boost. Defining ξ := s · n, Eq. (64)
becomes
〈f(ω)〉u = 1
2
∫ 1
−1
dξf [ω(coshu− ξ sinhu)], (65)
With this definition,
NUdW (ω) = 〈n(ω)〉u, (66)
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where n(ω) = (eβω − 1)−1 is the Planck distribution. Indeed,
〈n(ω)〉u = 1
2
∞∑
m=1
∫ 1
−1
dξe−mω(coshu−ξ sinhu)
=
1
2βω sinhu
∞∑
m=1
(e−mβωe−u
m
− e
−mβωeu
m
)
= NUdW (ω). (67)
Similarly, we find that
NTD(ω) =
3〈ω2n(ω)〉u
ω2[1 + 2 cosh(2u)]
. (68)
We define the directional temperature
Tξ :=
T
coshu− ξ sinhu, (69)
or equivalently βξ := β(coshu− ξ sinhu). For each u, Te−|u| ≤ Tξ ≤ Te−|u|.
Then, N(ω) can be written as a weighted average of the Planck distribution for varying
temperatures Tξ,
N(ω) =
1
2
∫ 1
−1
dξ
w(ξ)
eβξω − 1 , (70)
where w(ξ) is a probability density on [−1, 1) that depends on the coupling:
wUdW (ξ) = 1 (71)
wTD(ξ) =
3(coshu− ξ sinhu)2
1 + 2 cosh(2u)
. (72)
E. Second law of thermodynamics
Eq. (70) implies that the master equation (25) can be expressed as
∂ρˆ
∂τ
= −i[hˆ+ hˆLS, ρˆ] + 1
2
∫ 1
−1
dξw(ξ)Lβξ [ρˆ], (73)
where
Lβξ [ρˆ] =
∑
ω>0
γ(ω)
1− e−βξω
[
AˆωρˆAˆ
†
ω −
1
2
Aˆ†ωAˆωρˆ−
1
2
ρˆAˆ†ωAˆω
]
+
∑
ω>0
γ(ω)
eβξω − 1
[
Aˆ†ωρˆAˆω −
1
2
AˆωAˆ
†
ωρˆ−
1
2
ρˆAˆωAˆ
†
ω
]
, (74)
is a LK map for a thermal reservoir at inverse temperature βξ.
Hence, Eq. (25) can be interpreted as a master equation for a system in contact with a
continuum of different reservoirs at temperatures Tξ.
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For a thermal reservoir at temperature T , the thermodynamic entropy S coincides with
the von Neumann entropy SvN := −Trρˆ log ρ, and it satisfies the balance equation
dS
dt
− βqβ = σβ, (75)
where qβ = (Lβ[ρˆ]hˆ) is the heat flux, and σ is the total entropy production [27]. The LK
operator Lβ for a thermal reservoir has to a Gibbsian equilibrium state ρˆβ = e−βhˆTre−βhˆ . Then,
entropy production is given by [27]
σβ = −Tr (Lβ[ρˆ](log ρˆ− log ρˆβ) ≥ 0. (76)
Note that σβ = −β dFdt , where F is the Helmholz free energy of the total system that includes
the probe and the reservoir at temperature β−1.
In Eq. (73), the LK map is a weighted average of the LK maps for different thermal
reservoirs. Since entropy production is a linear functional of the LK map, we can express
the entropy production associated to Eq. (73) as an average of σβ, Eq. (76),
σ =
1
2
∫ 1
−1
dξw(ξ)σβξ . (77)
It follows that
σ = −Tr (L[ρˆ] log ρˆ)− 1
2
∫ 1
−1
dξw(ξ)βξTr
(
Lβξ [ρˆ]hˆ
)
. (78)
The total produced entropy is given by
∆Stot = SvN [ρˆ(∞)]− SvN [ρˆ(0)]− 1
2
∫ 1
−1
dξw(ξ)βξ[Eξ − E(0)], (79)
where Eξ = Tr(ρˆβξ hˆ).
Plots of the entropy production as a function of t are given in Fig.3, and of the total
produced entropy as a function of u in Fig. 4.
FIG. 3: The dimensionless entropy production σ/γ0 of a qubit as a function of dimensionless time
γ0t. For the UdW coupling, γ0 =
λ2
2piω, while for the TD coupling γ0 =
λ2
6piω
3. The temperatures
T0 and T alternate values 33ω
−1 and ω−1.
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FIG. 4: Total produced entropy ∆Stot as a function of the rapidity u. The temperatures T0 and
T alternate values 33ω−1 and ω−1.
V. RELATIVISTIC TRANSFORMATIONS FOR THERMODYNAMIC STATES
A. Relativistic transformation of Gibbs states
Eq. (73) implies the following equivalence for an quantum open system. The non-
equilibrium dynamics of a heat bath at temperature T0 moving with velocity −v = − tanhu
is equivalent to the non-equilibrium dynamics of a continuum of heat baths at rest, and with
temperatures Tξ ∈ [T0e−|u|, T0e|u|]. The different baths are weighted by a system-specific
probability distribution w(ξ).
This leads to the conjecture that the effect of a Lorentz boost with rapidity u on a Gibbs
state ρˆβ is a convex combination of Gibbs states ρˆβξ with a weight w(ξ),
ρˆβ → 1
2
∫ 1
−1
dξw(ξ)ρˆβξ . (80)
Obviously, this transformation is different from the unitary transformation of the Gibbs
state through a unitary representation of the Lorentz group Uˆ(Λ),
ρˆβ → Uˆ †(Λ)ρˆβUˆ(Λ). (81)
The latter transformation does not change the thermodynamic description of the system, as
the partition function is invariant under unitary transformations.
Eq. (80) should not be taken literally. It refers only to the thermodynamic level of
description, i.e., to properties of the Gibbs state that relevant to thermodynamic properties.
A more precise version of (80) is the following. Let Bth be the subset of operators on the
Hilbert space that describe thermodynamic observables. Then, the that the expectation
value 〈Aˆ〉u for any Aˆ ∈ Bth in the moving frame should be given by
〈Aˆ〉u = 1
2
∫ 1
−1
dξw(ξ)Tr(ρˆβξAˆ). (82)
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Observables outside Bth are not constrained
3.
Eq. (82) is also supported by the following properties of the field correlation functions.
Consider the thermal Hadamard function of the massless scalar field, defined by Gβ(x) =
1
2
Tr(ρˆβ{φˆ(x), φˆ(0)}),
Gβ(t, r) = − 1
4pi2
∞∑
n=−∞
1
(t+ inβ)2 − r2 (83)
Eq. (83) satisfies the Kubo-Martin-Schwinger (KMS) condition
Gβ(t− iβ, r) = Gβ(t, r). (84)
Next, consider the Lorentz transformed Hadamard function Guβ(x) := Gβ(Λ
−1
u x), where Λu
is a Lorentz boost of rapidity u in the direction 1,
Λu(t, x1, x2, x2) = (t coshu− x1 sinhu, x1 coshu− t sinhu, x2, x3). (85)
We obtain
Guβ(t, r) = −
1
4pi2
∞∑
n=−∞
1
t2 − r2 − n2β2 + 2inβ(t coshu+ x1 sinhu) (86)
Eq. (86) does not satisfy the KMS condition. However, the probabilities for local measure-
ments of the field are evaluated for r = 0,
Guβ(t, 0) = −
1
4pi2
∞∑
n=−∞
1
t2 − n2β2 + 2inβt coshu. (87)
Then, it is straightforward to prove that
Guβ(t, 0) =
1
2
∫ 1
−1
dξGβξ(t, 0), (88)
i.e., the boosted Hadamard function is a convex combination of functions that satisfy the
KMS condition. The same holds for the Hadamard function for the TD coupling.
Eq. (88) justifies Eq. (82) for observables of the form
Aˆx =
∫
dtdt′a(t, t′)φˆ(t,x)φˆ(t′,x). (89)
This class of observables includes ones that correspond to localized measurements of particle
number and energy [14, 29–31]. These observables can be used to define thermodynamic
variables like particle number density or energy density.
3 Note that in many approaches to non-equilibrium thermodynamics, the microcanonical state is obtained
as an asymptotic state, only with respect to a small subset of macroscopic observables that have a
thermodynamic interpretation—see, for example [28].
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B. An extended thermodynamic space
In Sec. 4.3, we showed that the applicability of the zero-th law of thermodynamics to
moving systems requires a significant extension of the thermodynamic state space. Here, we
present such an extension that is consistent with the relativistic transformation law discussed
in Sec. 5.1.
First, we recall how the thermodynamic state space and the thermodynamic potentials
of a quantum system are constructed from the canonical distribution. Let Hˆ(X) be the
Hamiltonian that of the system in the CoM frame; X are thermodynamic control param-
eters like volume, or external fields. The thermodynamic state space Γ in the Helmholz
representation has elements (β,X), and it is in one-to-one correspondence with the set of
all Gibbs states ρˆ(β,X) = e
−βHˆ(X)
Z(β,X)
, where Z(β,X) = e−βHˆ(X) is the partition function. The
thermodynamical potentials on Γ can be derived by identifying the expectation 〈Hˆ〉 with the
internal energy, and the von Neumann entropy SvN = −Trρˆ ln ρˆ with the thermodynamic
entropy.
Next, we consider the space Γ˜ that is a convex hull of Γ, constructed through the Gibbs
states. That is, Γ˜ is the set of all density matrices ρˆ =
∑
i ciρˆ(βi, Xi), for all sequences {ci}
such that 0 ≤ ci ≤ 1 and
∑
i ci = 1. Again, we construct the thermodynamic potentials on
Γ˜ by identifying 〈Hˆ〉 with the internal energy and SvN with the thermodynamic entropy.
By construction, the map (80) is well-defined on Γ˜. It maps all extreme points of Γ˜ (i.e.,
Gibbs states), to points in the interior of Γ˜. Its action can be extended to any ρˆ ∈ Γ˜ by
linearity.
The first law of thermodynamics on Γ˜ is well-defined, since internal energy and entropy
are well-defined. Our construction of Γ˜ is compatible with the analysis of the zero-th law in
Sec. 4.3, and it enables a representation of the Lorentz boosts as discussed in Sec. 5.1. It
is therefore a natural candidate for an extended thermodynamic state space that also takes
into account the CoM motion of thermodynamic systems.
It is possible that the extended state spaceΓ˜ constructed here is larger than needed. For
example, the map (80) is well defined on a subset of Γ˜ that consists of states of the form
ρˆ = ciρˆ(βi, X), i.e., the convex combinations involve only different values of temperature
and not of X. However, our preliminary serves to highlight the key point of the analysis of
the 2nd law in Sec. 4.E: thermodynamic transformations between different Lorentz frames
can be implemented in terms of convex combinations of Gibbs states.
VI. CONCLUSIONS
We analysed the quantum thermodynamics of moving systems in interaction with a heat
bath. We showed that these systems are well-behaved thermodynamically, in the sense that
they have a consistent notion of heat flow. There is no relativistic rule for transformation of
temperature, however, a moving heat bath is equivalent to a continuum of stationary heat
baths, as far as the non-equilibrium dynamics of the system is concerned. This led us to the
proposal of an extended thermodynamic state space in which the Lorentz transformations
can be well implemented.
Our results are derived using specific models, rather than general mathematical princi-
ples. It is therefore necessary to develop models that deal with more elaborate cases. We
must consider other types of thermal bath, for example, relativistic gases of massive par-
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ticles. Furthermore, we must generalize the present results to extended quantum systems
that are not defined by a point-like trajectory. This is essential for incorporating observ-
ables like volume and pressure in the thermodynamic description. This will enable us to
connect directly with the traditional accounts of Lorentz transformation for thermodynamic
variables. One possible approach towards this goal is to adopt the methods and techniques
used in Ref. [30] for non-pointlike detectors.
If our conjecture about the relativistic transformation rule is confirmed by other models,
it will be necessary to look for a more fundamental justification. This could be provided by
an analysis of QFT two-point functions like Eq. (7) for general composite operators Oˆ(x) and
KMS states. Furthermore, it is important to consider possible experimental implementations
of the models presented here.
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